L. |

[ecture 1T A(qe hvac actions of auwtewalle gps

C>evxeraiiaﬁ 68"‘—ULID (ETOUJL 7L, 7/_0! ”l'?) 3evt~era{
countakle gp M, wt necessanly alelion.

. countahle Mscvete 9roup
2T nfegal gp ring of I
fezrn: F=) £:7 (Swite sum, 7%,62)} rivg
(4

qu CtE 2t (wknifesum, £ eT)
F@ L’IT\P: Bt = Z’t,r-@? (96 r‘)
5 (4

T = ® 7 =7
'F*: Z?CT‘I);—‘
. B, 2% left 1deal
— ¢; e r‘
ch— KerlojCC ™ ch ZF/Z £

O(;C; restviction of M-acthon o ch
()(f}o_,o(} ) ‘ ) PF?VLCiFa,[ G,Qgehra}c acton
of e



.2
Examples i M= 1x"nez] Tuen z20=7/[y 4

ss 27 272021 Sw, 2= 1[5z J

? tﬂrébt'fl
— coeffricients
Main @r?)blﬁwi‘- COW\Pufe ]“/O(jt)*

TO VeI de-ﬁv\e (CI&SS\LCG,Q ) ]/\} need @Vt‘.’fdj%@ S&'}S

A SQ%\AQ\AQ& {_F\A’j Oj;— "FTVLH'E §‘9fh n r‘ is
V\F\j\rfﬁ Félver~ . | 4 F 7l

= =3 () fV\’?QO)
| E |

M amenable ! has a right ‘:qﬁ(lf\er Leguence.

gimlest Mo Com muteive

H Aiscre e H{’:(Sew[\%\fg 9P
= <’:C,(j,'z} XZ=T%, YL=7y, 3x=xyz>

[ b e
(ola, ) G/LJCGZ}
o0 |

a b c
- Correspovds T x 4 z
k 4 w
)C Xy z =4
o k,«?,w }

|1t

ZH = 3
4, 9 m A m

")



—_—

Jll 3

B@S\C ‘m%rvuaﬁom On algebm?c H*&C(HOMQ
m a swrvey by [-Schaidt available n
comvse wiaterigls.

R}c s &M—@Vka\a(€/ de‘HCDLbe“ doen't work

MOV\CO’NNMA.MJ]\Q'HU‘@ 3rm(ps are (’Wlb(ch)
hav-der Than 7Z, 74

2 Left Vdeals n 72 ore mot 2-siked s

Z Zl'H' \|g & dowaAin (,Fﬂ:azjy.?@ Ol‘j‘:oz
but um'tcb/uz fCactorization nte
Wwreducikles can facl,

2 feZH st a funchion on 2
Sple, Sp Mo natue ! way o
orm J[ajlﬂ. We'l we § To
Construct an o!Q?mTor on L5(M)
awnd use Th's oper“aj*or%
CCF\MPW\“E &%f\?t\zj ;



QN
il Zero Aivisor problem. Spse 1#0 €

\/\@5 ?“—':l. Then v Z\",

(=1 ) (P75 9" e v 4 ) =T -1 =0
1 !
> 0

“& T Y| for all 1+7€ [ and allnzl
can 21 \ave "ovizero ZﬁY‘O*d\lvhlSéj[S?
Twcved [ﬂ‘-ﬂ, m ':P(?Dla lem s S‘h“o?@l I

Ek«' No zavS for 0#£ezl The
MR ‘}*"‘;vfj © 3“:)90’+Tuem zZ[

}

g You will a2 “\mj"ezc/ﬁue“
hyporﬂ/xeswes " WOy Theorems
To avoid zdv prolilems

A

SOWUZ O\\/V\CKWC\ (:cd G}q‘&fSﬁOMS L,-_)V)e\q PZH‘I

¢ o . ey GaUc,? ANS ﬂ;(u}a\/al,
£
(Ben Hayes, severel pmefs, one
usey “ewdy’ of 9raps )

ol ML>¢M37 No Cowmp lete answer;

seveval Parfial vesuwlfs .

o Ys WX wj
1424 Y



IIs
) O(‘j: €X‘§)QV\S\[U'€/? d SOFtH ANSwer 3@%@@2@ "
Led(F) e e Tty
te (M) 21l <ew
7

ple) =t 5 Q%)= %)

§
Soft T\/\W\‘ L Ky expansive

= fic injec ve on L7(M)
= tverh ble 1n 2 (1)

Flavor of— ch' S?Se M?
- tEX«f- 54t all t Uerj swall.

Nl fi)(?anTue ,

o LOJ) 3 t = = all coord € Z
Jfwal 1) l(rvtoou)
X)( 3L

But ﬁvc (£) has atl @word. O Swatt,
M@m"ﬁ‘ejm!?%?ft) O So
ﬁf 3 NoT W\\)QC‘H\J& on L7 (P)



1,6

Exowmgle . f=3-x-yeZH, Clam £
wvertblo i L' (H), Use geomedric Series |

=5k —%*,t—#—ll-g +-2—'7~z:2'4_,ﬁxj+éﬂx yL
e ' (H) ek
b o T omalkee s Ty wack +3s [opSlde&{
e 14 1> 2 1
> T

SU\%:}QTQ\AT buT moT mMecessary !
P=7LJ q%()=xz__x——\j 2% I'o?s'ialfd, but
£ 35 Ymverhible wm £'(7)

Cool Theoews : T fe 71 and % s
evpansive, Then I 9€7M s,
f9 s lpsided,




—_—

4.7
QP&A (p'mblﬁw\: Cb\aradeﬁzg T}/\OQE

7[67¢\H s.t. o Is eXAnS| Ve . Is There
a Sinite dﬂoﬁﬂ\m To decide TU !
Hstorical T%k M=z, fezz=z[>").

Fal

Then Ay expausi ve ;{-f £E™) Fo al s,
:m:\;) has abso! Ld‘ely

WQ\VLQVS Tl/lm ‘> A

Convergent Faurzer alies |, e, £ s
wmvertlle o 2'(7), Prov?mj This

was The st Triumeh of  Commutative
Brwac\n aﬁﬂebms.

[
Enivopy:

F/): 103 det J

Replace f a5 a Aunction wiTh £ «s
an opmgtor on LT awd use This
operator fo  cowpute enpy .

Goal : Make operators aund von Neumany
algebras  less Terh{ymj 1




1.8
Mofivahon ©+ Go loack To A= o[:] omn qﬂi

or Fh)=x— ¥~ e ZZ, omd (XJH‘“%)'

To Com?m‘re, p, =# h-per 0B, used £4,
O.pprox L/ (=1 =1 ’—]

B (W) " =y = |
P, own R ; Y- \

,Y* - . AY - -
el ant Watrix

P e B (L (z/n1)

o Lt 571 =1T) t)|




1I.g
\

1. I ~ )
w09 B = oy [det B = L5, )
e,

= J@ loﬁ |z| O{(-Eerljzh)
Now et "n—2oe' !

Lzjnr) — 4%(2)

= (n]

s 1
9 5 $

HSZV\ — }’(5 Haar meas

jc* r\ﬂm ’ J-Ce S
(= on £9))
(z) e—— (™)
pEBFR)) & mulb by
_S_“_[ezﬂ‘lﬁ) an | (r”w]
e T+€<%(L1(T)J

A1CI§

(T (6)) fe)=F (e ) gt)



. IT, 9
T}L 1S & Norwal o&;),e\/‘a’br (Commm-gg Uﬂ% T}k_)

spectm Ty = {ze@: Tp-2T ot nvertible/

= § (%)
Speenal measure 4 g = Pg on H(%)

U,SMS dl&;ﬁg‘, welve recast CU‘MP&ﬁL{ﬂ l”)/O(’JC)
o properfies of The operaior i B(4*2).

Wl )= f[f?j 21y ) (=j$ og 1$67147 )
C
How o define The det of an opef‘q'far.?

i
(cﬂe‘t ?J;M) > exp [ 5@ (oj (Z] c)ﬂ;[z]

j« Wi Use The 6?%1?4,@
\kd@t ‘\‘_V// - Wedswe of —f;t(or&)
)Of Fi_'O d-&'I:W\-e_ Cﬂ@t fp/'

This s €><axfrly Wow Fuj\edt awd
K ad\son dﬂ,gvxed Aot ff\—or CerTulin
classes of operatoers.



-— . 507 m,@
| \46 geneval Seﬁiuj; f T T @ T h>Th awh

L 6’\‘{0\/\3 operator %P closure of ff) jcéq:r*}
von Neumanwn 0.9.3 e B2,

Ex: M=%
(z) <= ()
i oo
aady f "”")@/é)—ﬂ(e )41y
" all e 15m)
£z [ (1)

So howe &£Z consisTs of all convilution
operntors defined b’j Fourier Series o 1Y~feug

B_‘_i__: ]} we \/UM( used ‘H/\e V\or "h)P
astead o,t SDT, would g-efr The qn}fﬁarwr

closure of- polynouiats . e C(T) ‘mstead
of LX(M). This 's called C*(m)

Tvace tvr on L[0T T = <T6é)<5’c>
e=lidentrly of . For fezrm
TEp S = ‘Constant term' of £
1 (ST) =4r(Ts).




AT, 1
Stavt wilh TE £ Form ’T‘*T}S‘e[{l*aoﬁ.

2,
FOM\LT\/I\\F 1‘;— 1= >*1 . T*‘T_—; l>|l\
AL~ ‘-‘Ml
S?QCCVLT)C K‘O) HTHZ‘I C LOJ c@)
s funchional calcu\us —>
ITI=VPT
Sfecival weaskee fA (o, 1e71]
det, Ti= exp (4 log IT1)

A0 -
= Q_)(P( 50 Loj’t df,(rnft))
ror 1= f}’ )
\03 dﬂ’tfiﬂ P = j log T dfi‘&]/i)
= v [Oﬂ LF]

T\/\W\ . Lﬁt ™ be a couunTalle ftwtﬁ’vu_lole
, fezl ok 10‘@&'\*\{3 £ wh The
OPQrdTor p{_é (B(«Q, [T] ) Wevq
\n[o(’? ) = leg dgtaﬁﬂ T



T2
L Charaterize $€ZT wnth i )=p7
s Twuore am algoriThm  [feven for =i )?
& N(Aw\e\riCaH\/ @MPO\"V?_ %[0(15)'2

__K_ET l:or‘a [Ouxj "F\w\e N was Mot lknowa
wheTher Ho(%) = Mo({* ) U This s Trie, but Yayg

Fov some {'s, \160(7&) an be clcgted,

® pr%‘ided} TNon Necurvent,
M=, £=3-x-y. C@m?wf& T log £

lD?a ULJ*“--'(M-LUL_}__\_‘_ )
09{— 03C3““a(5’”3 )]
[033 —-—1[1+3)_-L L(x—*y)jh-__L

frlg + = log3 =hiay).
S Lo{;s ded, vecurrent * | len Martv, Roblewm

=H, £=95-x- x—-j j
=sli-g] g3 laxvyy)

103 = 103 5 — Z '\;“
n=)
’[‘_ Wes_e an
Ccontribyte o T



The  contribuTions d)t To tr AcPeud
OA e “Cavdemn walk' M M

[1= 74 . 1,5079 = wm(f)
m=iH LS8
r=f ¢ LSMTET

= oo {T‘%’ (35 413 ﬁ)]

Ex: Ty 0<5E£<l put
F[s/ft):: liwm 50 Oﬂn H [ ) éﬁ{(5+kb;J!!

!+G‘

Flo,01= kg T
Using f= ljz—- xy ~1¢€ W, can deduce:

s\/l((}({,):@
,FSJ;PO [det =)

\n(ozqc) S j F(s t)dsat

2 Fl5E)=0 a.e. GA)€ o) )
This seems Fo be Mmoo €ven 10 ‘exper%
Opent Replace s+t wh stk t
/\(mm{v*\\Ca,L[\/ 1:[5, L}y 2T, 1N % —h“btﬁ.?



